Abstract-Physical-layer network coding (PNC) allows to improve the throughput on the two-way relay channel (TWRC). PNC systems using higher-order modulation present some challenges regarding how to design the PNC mapping at the relay. With higher-order modulation it is also desirable to use constellation shaping which allows to minimize the average transmitted energy. In this paper, we show how low-complexity trellis shaping can be used to provide constellation shaping both at the user nodes and at the relay node. The proposed technique works specifically for sign bit shaping and M -ary quadrature amplitude modulation (QAM). Simulation results show that the proposed scheme provides a significantly increased performance in terms of the achievable BER, with 5.3dB shaping gain available at a BER of 10 −3 in the case of 256-QAM signaling.
I. INTRODUCTION
In a two-way relay channel (TWRC), a relay node allows a pair of user nodes to exchange information when no direct link exists between the user nodes. The number of time slots required to complete a communication depends on how the information is processed at the relay [1] . Using physicallayer network coding (PNC) [2] , the required number of time slots is two. The transmission schedule for PNC is depicted in Fig. 1 . PNC requires two fewer time slots compared to sequential relaying and one fewer time slot compared to traditional network coding [1] . In the first time slot, called the multiple access (MA) phase, both users transmit information to the relay simultaneously. The relay receives the superposition of the users' signals, and broadcasts a network-coded signal in the second slot; this is called the broadcast (BC) phase. The network-coded signal is a function of the superimposed signal received at the relay. In [2] the concept of PNC was originally proposed for the scenario of binary modulation, where the superimposed signal is mapped to a network-coded signal representing an exclusive-OR (XOR) of the users' bits. Bitwise XOR mapping however causes ambiguity issues in R N (1) N (2) x (1) x (2) x (R) x (R) MA phase BC phase Figure 1 . Physical-layer network coding scheme. N (i) , i ∈ {1, 2} are the user nodes, while R is the relay node. x (i) and x (R) are the transmitted signals in the MA phase and the BC phase respectively.
systems with higher-order modulation, which are required for high-data-rate applications. In [3] the superimposed signal is mapped to a codeword in order to avoid ambiguity in a binary modulation scenario. In [4] , PNC with higher-order pulse amplitude modulation (PAM) is considered and optimal symbol and bit mappings for uniform and non-uniform PAM are presented. This optimal mapping ensures network coding is ambiguity-free and provides improved bit error rate (BER) performance. In [5] a constellation mapping for PNC with Mary quadrature amplitude modulation (QAM) was proposed. Constellation shaping, proposed in [6] , allows to minimize the average transmitted energy for a fixed minimum Euclidean distance constellation. In practice, constellation shaping is implemented using a shaping code which will select more frequently those constellation points having lower energy. In [7] it was shown that for PNC systems, the achievable shaping gain is much higher than that for the point-to-point Gaussian channel. The authors of [7] also proposed a system which combines PNC with higher-order PAM and constellation shaping. The method, which achieved a substantial shaping gain, used a block shaping code which was designed to avoid ambiguity in the relay mapping; however, the shaping decoding complexity was exponential in the input word length of the block shaping code.
In this paper, a shaped PNC system using M -ary QAM is proposed, based on implementation of trellis shaping [8] both at the user nodes and at the relay. Trellis shaping reduces the complexity of the system compared to block shaping codes. We will demonstrate that the proposed approach is effective in increasing the energy efficiency of the system for a range of QAM constellation sizes.
The paper is organized as follows. Section II provides an overview of the trellis shaping technique and its implementation. In Section III, the application of trellis shaping to the PNC system is presented, while in Section IV presents the obtained simulation results for the proposed system. Section V provides concluding remarks.
II. TRELLIS SHAPING OVERVIEW
Trellis shaping, presented in [8] , is an efficient and lowcomplexity method for achieving constellation shaping. In this section, a special case of trellis shaping, called sign bit shaping, is described. Consider an M -ary QAM constellation, for example M = 64 as depicted in Fig. 2 . Each constellation point lies in the set A M , which is the set of all points x + jy, where
. Furthermore, each constellation point is represented by log 2 M bits as (z a), where z = (z 1 z 2 ) is the vector of sign bits and a is the vector of the least significant bits (LSBs). It is possible to define an equivalence class of constellation points which have the same LSBs a and differ only in their sign bits z. Each point in the class lies in a different quadrant of the constellation depending on the combination of the sign bits as depicted in Fig. 2 . Therefore, modifying any of the sign bits of a constellation point implies selecting another point in the equivalence class.
A transmitter implementing the method of sign bit shaping is depicted in Fig. 3 . To add the redundancy required for constellation shaping, a convolutional code is considered, which is called the shaping code and which we will denote by C. Consider, for example, a binary 4-state rate-1/2 linear and time-invariant convolutional code C with generator matrix
where D-transform notation is used. Next define the syndromeformer matrix H T = H T (D) with property
As a consequence, for any codeword c = c(D) ∈ C we have cH T = 0. For the shaping convolutional code C described above, a possible syndrome-former matrix H T is given by
Consider the trellis shaping scheme depicted in Fig. 3 . At time index k, a binary information vector u k is divided into two parts: the most significant bit (MSB) s k and the LSBs a k . The LSBs a k are then mapped via the function M(·) to a subset B of A M consisting of all constellation points having negative real and imaginary parts (c.f. where H T −1 is the left-inverse of the syndrome-former matrix. Therefore s is the syndrome of the output z, whose entry at time index k is z k = (z k,1 z k,2 ). The sign bits z k are then processed to determine modified sign bits
is the k-th output of the encoder for the shaping convolutional code C (the modification of the sign bits allows for constellation shaping). Since c ∈ C, w and z have the same syndrome s. The modified sign bits w k are processed to obtainw k = w k,1 +jw k,2 ∈ Z[j], where Z[j] denotes the set of Gaussian integers.
Trellis shaping is implemented as follows. Consider the trellis diagram of the shaping convolutional code C. Each state S k corresponds to the contents of the shift-register of the encoder for C, and each state transition corresponds to a possible output c k of the encoder of C and therefore to a constellation point x k obtained as
Considering the trellis diagram at time index k, each transition (trellis branch) from state S k−1 to state S k corresponds to a particular encoder output c k and therefore to a corresponding signal point x k as defined by (1) . The branch metric (BM) is defined as
The Viterbi algorithm (VA) [9] searches for the minimumweight path through the trellis diagram of C and, as a consequence, the codeword c allows to transmit the signal x having minimum energy. A window-based VA is implemented, where in the first window the trellis starts in the all-zero state, and in subsequent windows the start state is set to equal the final state of the previous window (it is important that the transmitted sequence corresponds to a valid codeword c ∈ C). At the receiver, a conventional constellation detector forms an estimatex k of each transmitted symbol x k , which is then bit demapped. The resulting bits are divided into two parts: the estimated LSBsâ k and the estimated modified sign bitsŵ k . The estimateŵ is processed to obtain the estimated syndromê
The estimated information vectorû k is obtained by combining the estimated LSBsâ k and the estimated syndromeŝ k .
III. PROPOSED SYSTEM DESCRIPTION
This section describes the system model for the proposed scheme. In the following description, we specify the processing performed by each node in turn.
A. Transmitter at User Nodes
Each user node N (i) , where i ∈ {1, 2}, applies sign bit shaping for transmission as depicted in Fig. 3 (we use the same notation for variables as in this figure, but with an additional superscript i to specify the user). At time index k, user node N (i) divides its binary information sequence u 
In the MA phase, each user node N (i) simultaneously transmits its modulated signal x (i) k (i ∈ {1, 2}).
B. Processing at Relay Node
At time index k, the relay node receives the superimposed signal r
is a zero-mean complex Gaussian random variable with variance σ 2 R and x
k . Note that x sum k ∈ A sum , where the "sum-constellation" A sum is the set of all points x + jy where x, y ∈ {0, ±1, ±2, . . . , ±(L − 1)}. The relay has the purpose of recovering x (sum) k from the received signal and broadcasting a network-coded signal suitable for each user node to extract the information vector of the other user. To recover x (sum) k , the received noisy signal r (R) k is input to a conventional minimum-distance detector [10] operating on the sum-constellation, yielding the signalx Figure 4 . Relay node scheme.
demapping and syndrome-former operations as shown in the lower part of Fig. 3 . A second approach to relaying, which has the ability to reduce the transmitted energy in the BC phase, is to transmit as network-coded signal a point which lies in the original constellation A M . After the detection of x (sum) k , a shift of
is required to compensate the bias between the two constellations A sum and A M . This is followed by a modulo-L operation 1 which is applied per dimension. As a result, the transmitted signal at the relay is
wherep k ∈ Z[j] is due to the modulo-L operation, and its value is fixed by the fact thatx
To see that this signal is sufficient for broadcast, consider for example user node N (2) , which receives a noisy version ofx A third approach is to apply the principle of trellis shaping also at the relay node; the signal processing required is depicted in Fig. 4 . In this case, the transmission in the BC phase may be made more energy efficient by applying constellation shaping also at the relay. Here, the shaping convolutional code C applied at the relay is the same as that applied at the user nodes.
Consider, for simplicity, correct detection of the superimposed signal x (sum) k , which is then processed via (3) to obtaiñ x (sum) k . After bit demapping, the sign bits are further modified by an XOR operation with the k-th output c
of the relay's encoder for the shaping code C. The signal x (R) k ∈ A M broadcast by the relay node may be expressed as
corresponds to the k-th output of the encoder of C, andḡ k ∈ Z[j] ensures that the signal transmitted at the relay lies in A M . Figure 5 . Distribution (per dimension) of transmitted signal at the relay using 64-QAM. Top to bottom: BC of x (sum) with no shaping at user nodes; BC of x (sum) with trellis shaping at user nodes; BC ofx (sum) as given by (3); BC of x (R) as given by (4).
of BC signal energy for the case of an unshaped PNC system is also depicted as a reference. It may be noticed that even when no shaping is implemented at the user nodes, signal superposition naturally induces a basic form of "triangular" constellation shaping. The second histogram in Fig. 5 is that for the transmitted signal x (sum) at the relay when trellis shaping is implemented at each user node's transmitter. As expected, the distribution of the BC signal is better shaped as compared to the case where no shaping is employed by the users (note that the sum of two Gaussian distributions yields a Gaussian distribution). The third histogram corresponds to the signalx (sum) as given by (3). The modulo-L operation allows the relay to transmit a signal in A M , and as a consequence the energy transmitted is reduced compared to the previous two cases. On the other hand, the modulo-L operation does not provide a near-Gaussian distribution of the BC signal. In the final histogram in Fig. 5 , the signal transmitted from the relay in the proposed scheme x (R) is depicted. Trellis shaping at the relay allows to re-introduce constellation shaping after the modulo-L operation, and as a result the distribution of the signal is both near-Gaussian and lying in the original constellation A M .
C. Receiver at User Nodes
In this subsection, we assume the use of the most energyefficient scheme, i.e., the use of trellis shaping at the relay as described in the previous subsection. Consider without loss of generality the receiver for user node N (2) ; this is depicted in Fig. 6 . User node 2 receives at time index k the noisy signal
k , a conventional minimum distance detector is used. To extract the information from x (R) k , the local signal x (2) k and the shift value are subtracted. Assuming correct detection Figure 6 . Receiver processing for user node 2. Analogous operations are implemented at the receiver for user node 1.
of the relay signal x (R) k , the extracted signal can be written as (recalling (2), (3) and (4))
Note that neglecting the last of the three additive terms in (5) yields a point in A M in all cases except the case where w
It follows that after the modulo-L operation we havex
k,2 ). After bit demapping, the corresponding sequence is divided into two parts: the modified sign bitsw
and the LSBs a (1) k . As described in Section II, using the same shaping code C at user nodes and at the relay, the modified sign bit sequencew (1) has the same syndrome as w (1) ; therefore the syndrome s (1) can be extracted. a are then combined to obtain the binary information vector u (1) k . User node N (1) extracts u (2) k from x (R) k in a similar manner.
IV. SIMULATION RESULTS
This section presents simulated performance results for the system described in Section III with simulation parameters given in the following.
A M -ary QAM format is considered for all transmissions. In particular, the cases M ∈ {16, 64, 256} are simulated. All links are assumed to be AWGN channels. The results show the BER performance of the system using the three relaying approaches described in Section III, considering a window-size of 20 for the VA. Furthermore, the unshaped PNC system is used as a reference. The signal-to-noise ratio (SNR) for the shaped PNC system in the MA phase is defined as 
while for unshaped PNC the rate factor R is not considered. The simulations assume an equal SNR in the MA phase and the BC phase. In Figs. 7-9 the simulated end-to-end BER for 16, 64, and 256-QAM are shown respectively. The proposed scheme with trellis shaping at the relay achieves a gain of 5.3dB compared to the unshaped PNC in case of 256-QAM. The results also report the BER performance of a scheme in which trellis shaping is implemented only at the user nodes and the first relaying approach is considered. This scheme, in the case of 256-QAM, shows a gain of 2.8dB compared to the unshaped PNC. Both approaches have improved performances compared to the unshaped PNC in all of the M -QAM cases simulated. The second approach at the relay has performance close to unshaped PNC. This is due to the effect of the modulo-L operation on the distribution of the signal transmitted at the relay. . End-to-end BER for the case of 256-QAM. PNC with trellis shaping at the user nodes and the first approach at the relay (relay 1; dash-dotted line) shows a gain of 2.8dB compared with unshaped PNC. The proposed PNC with trellis shaping at both user and relay nodes (relay 3; solid line) has a gain of 5.3dB.
V. CONCLUSION
In this paper we have proposed a new trellis shaping approach with application to a PNC system using M -ary QAM over the TWRC. In the proposed scheme, trellis shaping is implemented in both MA and BC phases in order to minimize the average energy in the end-to-end communication.
Simulation results show that the proposed scheme provides a significantly increased performance in terms of the achievable BER, with 5.3dB shaping gain available at a BER of 10 −3 in the case of 256-QAM signaling. Future work will investigate the use of channel coding both at the users and at the relay for the proposed system.
